This is an introduction to the physical pictures of Yangian symmetry. All the discussions are based on the RTT relations which have been known to be and Goryachev-Chaplygin(G-C) gyrostat. The example of the trigonometric extension of G-C gyrostat are also shown that leads to the non-commutative geometry naturally on the basis of the truncated q-affine algebra.
§1 Introduction
An integrable system is said to be solved if the equation of motion is solved or all the conserved quantities are found. From the point of view of Nöther theorem equations of motion and conserved quantities co-exist in connecting with certain symmetries of the Lagrangian. In quantum mechanics, to obtain the spectrum we can either solve the Schödinger equation or find all the symmetries in the system. The typical example is the Hydrogen atom which possesses another SU(2) invariance due to the RungeLenz vector besides the well-known SU(2) associated with the spherically symmetric potential U(r). With the given SO(4)=SU(2)⊗SU(2)) symmetry the spectrum of a Hydrogen atom can easily be obtained without the explicit form of the wave function satisfying Schrödinger equation [1] . In this example the family of the symmetries consist in the two SU(2) that commute with each other, namely, the two conserved quantum operators corresponding to the symmetries form a commuting family. This simple example provides a representation of completely quantum integrable systems.
To extend the above analysis to nonlinear models it should be noticed that a quantum many-body problem in the first quantization form with conserved particle number N is, in principle, equivalent to the corresponding quantum field theory(second quantization form). The typical evidence is the equivalence between δ-interaction model with the Hamiltonian
and the nonlinear Schrödinger equation [2] :
where φ = φ(x, t) stands for the second quantized operator.
In solving a many-body problem we meet also two approaches. The first one is to solve the Schrödinger equation directly. It is the well-known Bethe-Anastz methods [3] . The second approach is to find the commuting family of conserved quantities consisting of quantum operators, that is known as the Quantum Inverse Scattering Methods(QISM) [4] . Although the Bethe-Ansatz approach is more powerful in solving the 1-dim. many-body problems, the QISM provides a model-independently systematic method to deal with the (1+1) dimensional integrable QFT [4] . In this approach the RTT relation plays the central role. For a wide class of models it takes the form [5] :
R(u − v)(T (u) ⊗ I)(I ⊗ T (v)) = (I ⊗ T (v))(T (u) ⊗ I)R(u − v) (1.3) where T (u) stands for the quantum transfer matrix and u and v the spectral parameters. In general,
(1. 4) and R is then N 2 by N 2 c-numbered matrix. In eq.(1.4) each element T ab (u) is u-dependent quantum operator. For this reason the space spanned by the indices a, b, . . . is called "auxiliary space", whereas the Hilbert space spanned by T ab itself is called "quantum space". Defining (1) T (u) = T (u) ⊗ I,
T (v) = I ⊗ T (v) (1.5) the eq.(1.5) can be recast into the form [5] R(u − v) (1) T (u) (2) T (v) = (2) T (v) (1) T (u)R(u − v) (1.6) where each element of T is a quantum operator so that the ordering for (1) T and (2) T is very important. Noting that ( (1) T (u) (2) T (v)) ij,kl = (T (u) ⊗ I) ij,mn (I ⊗ T (v) mn,kl = (T (u) ⊗ T (v)) ij,kl the component form of eq. (1.6) is R(u − v) ij,ms (T (u) ⊗ T (v)) ms,kl = (T (v) ⊗ T (u)) ji,sr R(u − v) rs,kl that can be rewritten in the form R(u − v) ij,rs (T (u) ⊗ T (v)) rs,kl = (T (v) ⊗ T (u)) ij,rsŘ (u − v) rs,kl i.e.,Ř (u − v)(T (u) ⊗ T (v)) = (T (v) ⊗ T (u))Ř(u − v) (1.7) whereŘ (u) = P R(u) orŘ ij,kl = R ji,kl (1.8) From eq. (1.6) or eq. (1.7) it follows:
(1) BecauseŘ(u) is non-singular matrix:
hence, by taking the trace of both of sides we have i.e., there exists an infinite set of conserved quantum operators J (n) .
(2) In eq. (1.6) the R-matrix gives rise to the exchange between the space 1 and space 2, we can denote the R by R 12 . Similarly it can be introduce R ij through R ij where the repeated indices mean summation. Now the standard procedure to deal with a Y-B system is:
1. Solving the YBE to find a R-matrix satisfying eq. (1.14).
2. Finding the commutation relations for T ab by solving the RTT relation eq. (1.6) or eq. (1.7).
3. Making a physical realization of T ab .
4. Substituting the T ab into trT or other conserved quantities that commute with trT to find the Hamiltonian.
5. Following the QISM to find "spectrum".
The step 2 is crucial. The RTT relation can give rise to new types of symmetries associated with nonlinear interaction other than the Lie algebraic structures for the linear models. The simple examples of R-matrices satisfying YBE is given below: (a) The simplest rational form [6] :
R(u) = u + P,Ř(u) = uP + I (1. 15) where P is permutation operator P (a ⊗ b) = (b ⊗ a). For a rational R-matrix we have
i.e., the expansion of the transfer matrix is taken in the "half" axis of the spectral parameter u.
(b) The simplest trigonometric form [7] :
where x = e u , q = e γ , or
that corresponds to the 6-vertex model. Obviously by u → γu and let γ → 0, eq. (1.17) tends tǒ
Noting that the overall constant factor to R-matrix can always be dropped. Therefore, eq. (1.15) is nothing but the rational limit of eq. (1.18).
(c) The simplest elliptic solution reads [8] .
where
with η and p being free parameters, i.e., R-matrix given by eq. 
where W and W can be illustrated in terms of the diagrams
Eq.(1.22) can be solved:
The self-duality conditions:
simplify the solution to
where a p , b p and ω j are all parameters. Especially, a p and b p play the role as the spectral parameter u in the vertex models.
The main goal of this lecture is to give a physical understanding on the consequences of RTT relations for R-matrices are rational and trigonometric. We shall first calculate the explicit commutation relations satisfied by T ab (a, b = 1, 2) with the R-matrix given by the rational form eq. (1.15), then introduce the Yangian symmetry given by Drinfeld [10] . We try to give a phyiscal interpretation of Drinfeld's theory. Next we would like to discuss variety of physical realizations of Yangian and point out how the Yangian symmetry is used to construct Hamiltonian for a quantum integrable system. As an example, the long-range interaction model for sl(n) will be discussed. The trigonometric solution of R-matrix eq. (1.18) gives rise to the quantum algebra. we shall explain how to find a q-deformed model based on the truncated affine quantum algebra. For reader's convenience we would like make the paper self-contained. §2 RTT Relation and Y(sl(2)) §2.1 RTT and its Commutation Relations For the given sl(2) R-matrix shown by eq. (1.15) the permutation P takes the form
Setting the transfer matrix
and substituting eqs. (1.15) and (2.2) into eq. (1.7) we find the relations satisfied by
that can be expanded in terms of u and v through eq.(2.3) (m, n = 0, 1, . . . , ∞)
eqs. (2.5) and (2.6) have the following independent relations (a, b, c, d
ab must be a c-numbered matrix. Because the form of RTT relation is invariant under a similar transformation, without loss of generality two possible forms of matrix
In this section only (A) is taken into account. In this case eqs. (2.7)-(2.9) are reduced to the following independent set of relations:
12 ] = 2µT
(2.14)
12 − T
21 T
12 ] + T
12
21 ] + T
22
It is emphasized that because of the iterative relation eq. (2.16), only T (1) and T (2) are basic ones. To satisfy all the relations with T (n) (n ≥ 3) it is enough to look for the constraints to T (3) that in turn to provide the constraints to T (2) itself. Before doing this let us introduce the "physical" operators: 
and the algebraic relations
or by
we have 
3 (µ) ≡ T
22 − µT
12 , T
22 T
11 − T
(1) 11 (2.25) By taking the commutator between T
22 and both of sides of eq. (2.25) and using eq. (2.24) we obtain
11 , T
21 ]] + [T
22 , T
11 ]T
(1) 11 (2.27) Hence, the relation eq. (2.9) for [T
22 ] leads to
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3 (µ)(T
21 T 
11 ]] + T
11 ] (2.29)
12 ]] + T
22 ] (2.30)
12 ] = 0 it follows
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12 (T
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Similarly the relations [T
21 , T
21 ] = 0 provides the constraint
3 (µ)] and [T
3 (µ)] where T
3 (µ) is given by eq. (2.16) and considering eq. (2.9) we obtain 
By introducing
With eq. (2.23) it is easy to prove that
In conclusion for given R-matrix eq. (1.15) by solving RTT relation we find the infinite algebra shown by eqs. (2.22), (2.39) and (2.42). This algebra is not closed since J µ are not closed. Moreover the coproduct ∆ is defined by
that by setting T 
This set of infinite algebra is called Y (sl (2)).
§2.3 Drinfeld's Theory of Yangian
Let g be a finite-dimensionally simple Lie algebra the associated algebra A is generated by elements I λ and J λ with defining relations
where the C λµν are the structure constants of g, a λµναβγ , {x 1 , x 2 , x 3 } are given in eqs. (2.40) and (2.41) and all the repeating indices imply summation. Moreover, the co-multiplication is given by
that are the same as eqs. (2.44) On one word for sl(2) eqs. (2.46) and (2.48) should only be concerned, whereas for sl(n)(n > 2) only eqs. (2.46) and (2.47) should be taken into account. In the §2.1 the Y (sl(2)) has explicitly been obtained based on the RTT relation. let us take Y (sl(2)) as an example to show the properties of Yangian.
1. It contains the classical algebra sl(2) as a sub-algebra denoted by the set {I λ }(λ = 1, 2, 3) that is closed.
2. Besides the set {I λ } there appears a new set {J λ }(λ = 1, 2, 3) which are not closed. Hence with {I λ } and {J λ } an infinite algebra can be generated.
3. Observing the expansion eq. (2.3) it looks like a loop algebra with the deference that the T (n) ab obey the "deformed" commutation relations. Thus we may regard Yangian as a deformed loop algebra. We have known that both of sides of eq. (2.47) vanish identically for sl (2) . The spectral parameter u plays very important role in the Yangian theory. Just the spectral parameter dependence gives rise to the new operators {J λ } beyond the usual Lie algebra sl (2), and make the infinite algebra not the loop algebra.
4. The RTT relation provides a standard method to generate Yangian even though the calculations are tedious. From the RTT relation we have derived the commutation relations satisfied by {I λ } and {J λ } that are quantum operators. The realizations of such operators can be made through the usual quantum mechanical operators or second quantized operations. The Yangian symmetry is model-independent. It is related to a given Lie algebra. However a realization is model-dependent. Hence it is connected with the specified physical model. §2.4 detT (u) Associated with Y (gl (2)) For sl(2) a R-matrix is given by eq. (1.15) and the T (u) is 2 by 2 matrix. Each elements of T (u) matrix is quantum operator. The inverse of T (u) is defined by
and detT (u) should commute with T ab (u)(a, b = 1, 2):
i.e., detT (u) is a center of the algebra. From eq. (2.4) by setting u − v = 1, it follows
and making comparison to eq. (2.53) we havẽ
and [10] detT
The direct check also verifies the validity of eq. (2.52) by virtue of eq. (2.55). Of course, it holds
The conserved family C n determined by
can be calculated explicitly:
The explicit forms of C k are:
11 T
(1)
the casimir of gl(2) algebra. It can easily be proved that
for any µ. Therefore C m commute with any conserved quantities. Finally, let us summarize the RTT relation shown by eqs. (2.5) and (2.6) that can be reduced to the following independent set of relations (T
which is equivalent to 
where I = {I λ } and J = {J λ }(λ = 1, 2, 3) and
satisfy eqs. (2.46)-(2.48). Therefore eq. (3.1) forms a Y (sl(2)) [11] .
To prove the statement first we rewrite eq. (3.2)
We should verify that the defined {I λ } and {J λ } satisfy eq. (2.20) and eqs. (2.35)-(2.37). Since by J λ → h 1 2 J λ the constant h can be removed, one can takes h = 1. Defining 
i.e., the operators S λ i should be Pauly matrices, and
The simplest solution of W ij is given by
that is nothing but the statement. §3.2 Example for Y (sl (2)) By using the fermion operators acting on i-th site 
and
where 
with
We thus have made a physical realization of eq. (2.66). Since the construction of T (n) 0 (µ) has been made the eq. (2.67) hold, we should show the validity of eq. (2.70) for eqs. (3.9)-(3.12). Substituting eqs. (3.13) and (3.14) into eq. (2.70) and calculating order by order we find the forms of the formulae of Drinfeld for m = n = 2:
For m = n + 1 and m = n − 1 one can check that eq. (2.69) identically vanishes. It means that eq. (2.69) is satisfied for m = 3, n = 2 and m = 2, n = 3. By direct calculation eq. (2.69) can be shown to be true for m = 2, n = 4 and m = n = 3. What is the physical meaning of such a realization of {I λ } and {I λ }(λ = 1, 2, 3)? The { I i } describe the local spin "rotation"(up-down) and do not shift the fermion located at lattice. However the operators J i describe the hopping of fermion from the i-th site to the next ones. More explicitly [12] eq. (3.11) can be written as
15)
The realization eq. (3.15) possesses a nice property in that the Hamiltonian of the 1-dim. Hubbard model [12] . For a nonlinear model with hopping there exists the interaction between different sites. Is there a global symmetry besides the "total" spin? The answer is yes. This new symmetry is nothing but the Y (sl(2)) in the example. To form a Yangian the operators {J λ } play the central role. They describe the hopping from i-th site to (i + 1) or (i − 1) plus the operators i =j S i × S j . Obviously {J λ } cannot be closed, because the set {J λ } shifts the fermion one by one site. Only at the periodic boundary it makes the "particle" return to the starting one. The existence of Yangian means that we can move a "particle" to any site through only two types of operations: "local rotation"({I λ }) and "one-site shift" ({J λ }). The consistence of associativity for the successive shift operation yields the constraint condition to {I λ } and {J λ }, as shown by eq. (2.39). For a physical system if there is sl(2)(or SU(2)) symmetry in the absence of interaction, we may ask whether there exists symmetries that describe the nonlinear-interaction systems. For the particular classes of models the answer is yes. The Yangian is just served as such a symmetry. §3.3 Example for Y (sl(n))(n > 2) Let us discuss an example for long-ranged interaction model associated with sl(n)(n > 2) [13] . Introducing the spin operators
The structure constants f abc obey the Jacobi identity: where
With the help of the above relations on the basis of the Jacobi identities
Only the case where a = b = c = a should be taken into account. These components of eq. (3.31) are equal to
and noting that there is no summation over the repeated lattice indices, when
the lhs of eq. (3.31)(with a = b = c = a) is equal to
which is exactly the relation eq. (2.47). Thus let eq. (3.22) satisfy Y (sl (2)) the eq. (3.33) should be satisfied, i.e.,
which is the same as eq. (3.4). Besides the solution (3.5), the general solution [14] W jk = (ih)
where {Z j } is a discrete set of complex number. Thus
together with eq. (3.20) generate the Y (sl(n)) for a free parameter U. Here we have used the important property of Yangian [10, 14] : Suppose {I a } and {J a } generate Yangian then the {I a } and {J a } also generate a Yangian, wherẽ
39)
U being an arbitrary parameter. This statement can be verified easily becauseJ a behaves completely in the same manner as J a . The simplest form of
The associated Hamiltonian systems were found in Refs. [15] . Now we can deduce the Hamiltonian from our point of view. Noting that
where P ij stand for the permutation operators
± ] = ±[T
3 T
(2)
we obtain
and T
0 , C 2 , {I α } and {J α }(α = ±, 3) are all commutative. Therefore we have the Hamiltonian
that was obtained in Ref. [15] §4 Long-Range Interaction Models and Yangian §4.1 Polychronakos' Approach
Besides the nearest neighborhood models(such as Heisenberg chain, Hubbard model, . . .), recently, a number of one-dimensional long-range interaction models have been studied [15] . The typical one is Calogero-Sutherland model [16] , then it is subsequently extended to the models with internal spin degrees of freedom [17] . Among them an interesting approach was proposed by Bernard, Gaudin, Haldane and Pasquier (BGHP) [17] who made this type of models related to the RTT relation associated with Yang-Baxter equation(YBE). The BGHP approach provides a method to deal with long-range interaction models: for a given rational solution of YBE, for example, R(u) = u + P which is given in eq. (1.15), RTT relation gives rise to the Yangian symmetry. With a particular realization of the Yangian, in general, we can generate corresponding Hamiltonian of the considered systems.
On the other hand Polychronakos had formulated the integrability in terms of the "coupled" momentum operators [18] :
) a potential to be determined and K ij the particle permutation operators. The requirements of the Hermiticity of π i , the absence of linear terms in p i and that only the two-body potentials in the Hamiltonian lead to
3)
being a symmetric function. The commutation relation between π i and π j is found to be
This approach can be applied to many integrable systems, including the CS model, δ-interaction model and so on.
§4.2 Sutherland-Römer and Yan Models
Let us first discuss the extended forms of V ij in eq. (4.1) that are different from those given by Ref. [18] . Setting
where P ± ij are given as
σ i is quantum operators obeying
then by substituting eq. (4.5) into eq. (4.1) and doing the parallel discussion in Ref. [18] , we find
Noting that P 
where x ≡ x ij = x i − x j , a, l are constants and
then eq. (4.10) leads to
When K ij = ±1, eq. (4.12) was firstly given in Ref. [19] and studied by Sutherland and Römer [20] in detail. Definē
The conserved quantities are given by .18) i.e. the model is quantum integrable in the sense of Liouville.
(2) When B ijk = 0, we consider two cases (a)
that is well known as Calogero model when P + ij takes the value 1.
it is easy to prove that
and 24) so that eq. (4.17) is also satisfied. Let For the case (b) we have two sufficient solutions of V ijk : (i) a(x) = il cot(ax) (ora(x) = l coth(ax),
Eq. (4.27) is the generalization of the spin chain model considered by BGHP [17] .
(ii) a(x) = lsgn(x),
with the condition that K ij = ±1, eq. (4.28) was first pointed out by Yan [21] through Bethe Ansatz, he also found the Y-operator defined by Yang [6] for eq. (4.28)
where P is the permutation and Y satisfies and the RTT relation reads
and P 00 ′ is the permutation operator exchanging the two auxiliary spaces 0 and 0 ′ . Make the expansion 
For any auxiliary space {X ab } we require f 
which can be recast to . It is very difficult to determine the general relationship. Fortunately, BGHP [17] have set up the link with the help of projection. Let the permutation groups Σ 1 , Σ 2 and Σ 3 be generated by K ij , P ij and the product P ij K ij respectively, where K ij exchange the positions of particles and P ij exchange the spins at position i and j. The projection ρ was defined as .48) i.e. the wave function considered is symmetric. Let I 
and theD i is particle-like operators, i.e. With the expansion eqs. (4.33) and the projected long-range expansion eq. (4.52), the hamiltonian associated to T (u) is obtained by the expansion of the deformed determinant [17] :
(4.54)
A calculation gives
One takes the Hamiltonian as
Therefore we define the Hamiltonian which have the Yangian symmetry given by eqs.(4.52), (4.42) and (4.47). In comparison to the known models we list the expressions forD i satisfying eq. (4.53) [18] (1)
Eqs. (4.57) and (4.58) were given in Ref. [18] , eq. (4.58) was studied in Ref. [17] . Eq (4.59) is the generalization of S-R model.
An alternative description of transfer matrix was given by BGHP [17] . Definē
It was proved that
all satisfy the RTT relation. The deformed determinant ofT (u) was defined by
To contain the model eq.(4.28), we defineD i related to theπ i given by eq. (4.21) asD
which satisfies eqs.(4.61), (4.62) and (4.64) etc. So we can put the models eqs. (4.12) and (4.28) into Yang-Baxter system. In conclusion of this section we have shown the consistence between Yangian symmetry and the integrability of Polychronakos for long-range interaction models [18] and given the interpretation of S-R model [19, 20] and Yan model [21] from the point of view of YB system. §5 Truncated Transfer Matrix T (u) and G-C Top In this section the transfer matrix for the case (B) is denoted by t(u), the RTT relation is calculated to give the following relations(a, b = 1, 2).
[t
that are the same as those for the case (A), the other relations are given by
and the iteration relations
12 , t
21 − t 
22 is a center.
22 is a center and is then also a center:
One is able to show that the relation given by eq. (5.3) can be reduced to [t
22 , t
12 − t 
where C is a center and
A simple realization of eq. (5.7) is when C = 0: i.e., p and q obey the Heisenberg algebra. To determine t (2) we should find a realization satisfying eqs. (5.1) , (5.2') and (5.3') for k = 2. The corresponding relations for k > 2 yield the constraints to the considered operators. This will gives rise to a new type of infinite algebra. However what we are interested in is to find a more physical example where the expansion of t(u) is truncated
i.e.,
This possibility is prohibited for the case (A) which leads to Yangian, however, eq. (5.12) can be allowed by t (0) = 1 0 0 0 . This fact can be verified by direct calculation. Let us look for an exact solution of m = 3, i.e., by substituting
into the RTT relation to find a sufficient solution of t (1) , t (2) and t (3) . This solution is related to the Goryachev-Chaplegin gyrostat discussed in Refs. [22, 23] .
This model is interesting for the finite terms in the expansion of t(u). The truncation of t(u) corresponds to the finite number of conserved quantities and the satisfaction of RTT relation indicates the quantum integrability of the model.
The Goryachev-Chaplygin(G-C) top is completely integrable in sense of Liouville as shown in the literature [22] . It describe an axially symmetric top moving in an applied field. In the quantum case the G-C top is extended to the quantum G-C gyrostat whose Hamiltonian takes the form:
and b a parameter. We should note that in this section the notations J i express the angular momentum. They are irrelevant to the J λ -operators for Yangian shown before. The quantities appearing in eq. (5.14) satisfy the following commutation relations:
where i, j, k take over 1, 2 and 3. The momentum p and coordinate q of mass center commute with all the locally dynamic variables. The Hamiltonian eq. (5.14) commutes with the other integral of motion: 
where f 1 , . . . , f 5 , g 1 , . . . , g 4 , α, β, γ and τ all parameters to be determined and 
Denoting f 4 = f the solution of t (n) reads:
22 where the inverse of t(u) can not be defined. It is worth noting that the commutation relations shown by eq. (5.15) are invariant subject to a transformation:
This transformation is useful to transform the Hamiltonian in preserving the RTT relation.
Let us turn to the conserved quantities for G-C gyrostat. By taking the trace of the transfer matrix one obtains
Hence we have the Hamiltonian H p and the other conserved quantities G p :
If one requires 
30)
which are exactly those given by Sklyanin [23] . Obviously, the parameters λ and τ are trivial in the solution of t(u) and β, γ can be viewed as the consequence of t(u) subject to a similar transformation. Therefore only parameters f and α are essential in determining the form of t(u) though f does not appear in the Hamiltonian. The simplest realization of quantum G-C top is a quantum mechanical system on sphere.
Taking the constraints eqs. (5.17) and (5.18) into account the simplest realization of J i and x i can be made through
(5.32)
that give J 2 = −˙ n ·˙ n. In conclusion we have shown that the truncated Yangian gives rise to quantum integrable system with finite number of conserved quantities and make the system work in the space higher than (1+1) dimensions.
The trigonometric extension of the truncated Yangian will be the "truncated" affine quantum algebra which is the generalization of Drinfeld's statement discussed in Ref. [25, 26] . It gives the q-deformed G-C gyrostat which will be discussed in the next section. §6 Trigonometric G-C Gyrostat
If R-matrix is taken to be the simple 6-vertex from (1.17), the trigonometric transfer matrix T (x) can be found on the basis of RTT relation, where x = e u (or x = e iu ) is the spectral parameter. In terms of x, the RTT relation takes the form
T (x) can be expanded as
A simple form of trigonometric R-matrix(which is a deformation of eq. (1.18)) is given byŘ
where x = e iu , η and θ are constants. Set q = e −iη , eq. (6.3) can be recast intǒ
which is the asymptotic form ofŘ(x) as x → ∞. It can be verified that there is a subset in T (x):
satisfying eq. (6.2) for theŘ given by eq. (6.3). Actually, substituting eq. (6.5) into eq. (6.3) it follows [24] :
whereŘ is given by eq. (6.5). It is noted that each element of the matrices T ± is quantum operator. One can check that
satisfy eq. (6.7) when X ± and K satisfy
that is known as the quantum algebra associated with SU(2), denoted by U q (SU(2)). The pioneered works concerning quantum algebras were made by Drinfeld [25, 26] , Jimbo [27] and Faddeev [28] although the simplest form eq. (6.9) was first presented by Kulish and Sklyanin [5] . The general form of trigonometric T (x) is very complicated and denoted by U q ( SU(2)), i.e., the q-affine algebra [25] . The comparison between Y (sl(2)) and U q (sl (2)) is shown by the following chart-follow (w = q − q −1 ):
To find such T (x)-matrix let us consider 2 by 2 matrix, substitute
The inverse of T (x) is given by
It is easy to know that ± + e ∓iηP A
where λ 3 , α 2 , ξ and η are constants, P and Q satisfy
here A (i)
, F 0 and K are operators commuting with P and Q. They will be determined by (6.12) .
After tedious calculation we find that the following algebraic relations solve the RTT relation for 6-vertex form of R-matrix:
where A
± , E ±2 , E (0) and S satisfy
A realization of the algebra eqs. (6.2) and (6.24), i.e., T (n) (T (n) = 0 for |n| ≥ 4), can be made by
25)
± and λ i (i = 1, 2) are K-dependent operators which are given by 
− λ
+ (qK)(x 3 ) 2 for δ + + δ − = 1.
− , λ
− , β
+ , β
28)
+ , E (0) = −λ ± (qK) on qK, respectively, whereas δ + , α, β (±) , λ (±) and τ ± are arbitrary constants. The operatorsĴ ± ,Ĵ 3 ,x ± andx 3 in eq. The det q T (x) for T (n) (x) = 0(|n| ≥ 4) can be expressed byĴ ± ,x ± andx 3 through det q T (x) = {x 2 + q 2 x −2 + α −1 α 2 (1 + q)}C +2 (α −1 α 2 = ±q 
21 .
Substituting (6.20)-(6.24) into det q T (x) after calculations we obtain C −2 = q 2 C +2 , C 0 = α −1 α 2 (1 + q)C +2 , C ±4 = 0 and C +2 = q −1 α 2 (λ 
+ E +2 − q −1 E (0) )K that lead to (6.31) and (6.32).
It is straightforward to obtain trT (x) = (A
+ + e −iηP A
+ + e iηP A
+ + λ where D ± are given by We would like to remark that for the given standard 6-vertex R-matrix eq. (1.18) we find a set of solution for truncated RTT relation. The solution can be realized through the algebra (6.29) and corresponding conserved quantities (6.43) and (6.44). Eq. (6.29) naturally yields the non-commutative geometry [29] . Since the considered system is axially symmetric so that the coordinates on (x 1 , x 2 ) plane are commute with each other, whereas the third coordinates x 3 does not commute with them.
It can be shown that the rational limit of the trigonometric conserved quantities H and G given by eqs. (6.43) and (6.44), respectively, are exactly the same as the correspondence in the G-C gyrostat model shown by eqs. (5.27) and (5.28).
All the calculations in this section are tedious and can be found in Ref. [30] . 
